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Numerical simulationsof the � ow in a one-stage turbine are carried out to investigate the feasibility of construct-
ing a reduced-order model via Galerkin methods. The � ow in the turbine is modeled by the unsteady Reynolds-
averaged Navier–Stokes equations. The governing equationsare written in the strong conservation form and solved
using a fully implicit, � nite difference approximation.By the use of the proper orthogonal decomposition (POD),
spatial dominant features, also known as POD modes or eigenfunctions, are identi� ed and separated from the
spatiotemporal dynamics of the turbine � ow. The POD reconstructed solutions indicate that a signi� cant portion
of the original dynamics is captured by a few modes. The solution reconstructed using the � rst 40 modes captures
more than 99% of the energy spectrum, whereas the error of the energy variable is less than 0.6%, and the error
of skin friction is less than 1.5%. Phase-space plots further indicate the existence of low-dimensional dynamics,
which supports the validity of a reduced-order model for turbine � ow.

Nomenclature
a = speed of sound
Oc = chord length
e = total energy per unit volume
.F; G/ = inviscid � ux vectors in curvilinear coordinates
. f; g/ = inviscid � ux vectors in Cartesian coordinates
h = enthalpy
J = Jacobian of transformation from curvilinear

curvilinear to Cartesian coordinates
Pr = Prandtl number
p = static pressure
Q = vector of unknowns in curvilinear coordinates
q = vector of unknowns in Cartesian coordinates
q = heat � ux vector
Re = Reynolds number, Re D O½1 Oa1 Oc= O¹1
T = temperature or period
t = time in Cartesian coordinates
.u; v/ = components of velocity vector
.x; y/ = Cartesian coordinates
° = ratio of speci� c heats
² = error measure
¹ = viscosity
.»; ´/ = curvilinear coordinates
½ = � uid density
¿ = time in curvilinear coordinates, shear stress

tensor, or nondimensional skin friction
8 = basis function

Subscripts

FM = full-model solution
POD = POD reconstructionsolution
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t = time derivative
x = derivativewith respect to x
y = derivativewith respect to y
1 = upstream in� nity

Superscripts

O = dimensional
¤ = thin-layer, stagnation value or complex conjugate

Introduction

T HE continuous improvement of computer hardware has al-
lowed engineers and scientists to simulate complex phenom-

ena numericallyusingmore realisticmodels.Examplesof numerical
simulationsof complex � ows includeweatherprediction,multistage
turbomachinery � ow, and multiphase � ow reactors. The governing
equationsdescribingthese phenomenaconsist of a system of highly
coupled partial differential equations. Solving these equations is a
dif� cult and computing intensive task. For example, the � ow simu-
lation of a three-row turbine with the simplest blade count of 1:1:1
exceeded 21 days on a Cray C90 supercomputer.1

Modeling the � ow physics in the rotor–stator interactionis impor-
tant fordesigninghigh-ef� ciency,reliablecompressorsand turbines.
Potential � ow interaction, wake interaction, hot streak interaction,
vortex shedding, and blade � utter are the most important phenom-
ena present in the rotor–stator interaction. The interaction between
these phenomena makes the simulation challenging and requires a
large computationaleffort. In addition,the large numberof geomet-
ric and � ow parameters makes it expensive to include the numer-
ical simulation of rotor–stator interactions in the turbomachinery
design system.

One solution for reducing the high turnaround time and the as-
sociated cost of such a numerical simulation is parallel compu-
tation using the more cost-effective massively parallel process-
ing platforms. The � rst parallel algorithms developed for un-
steady � ows in turbomachinerywere reported by Eulitz et al.2 and
Cizmas and Subramanya.3 The much shorter turnaround time has
allowed signi� cant progress in the investigationof turbomachinery
� ows.4¡6 In spite of a reduction in the total turnaroundtime through
parallel processing, the total computational time has not been
modi� ed.

Anotherway to reduce the high turnaroundtime of unsteady� ow
simulations is to develop reduced-order models of the � uid � ow.
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Until recently, there has been no attempt to use reduction-order
techniquesin � uiddynamicsapplications,althoughthese techniques
have been common practice in structural dynamics for years. In one
of the � rst attempts, the eigenfrequenciesof the � uid � ow about an
isolated airfoil modeled with a Navier–Stokes computational � uid
dynamics algorithmwere used to better understand the in� uence of
arti� cial viscosity on numerical stability.7;8 Subsequently, several
eigenmode-basedreduced-orderaerodynamics models were devel-
oped in the frequency domain for airfoils, wings, and cascades us-
ing vortex lattice models or linearizedunsteadypotential � ows.9¡11

Reduced-ordermodels of unsteady viscous � ow in turbomachinery
were also developed in the frequencydomain.12;13 A reduced-order
model in the time domain was developed for isolatedairfoils, based
on an explicit Euler solver.14

The common feature of these reduced-order models is that they
were developed for small perturbations about a nonlinear steady
� ow� eld. Unfortunately, the small perturbation assumption is an
important limiting factor, and, as a result, the reduced-order mod-
els based on the eigenfunctions of the linearized � ow are not ap-
propriate for � ows with large time perturbations. A reduced-order
model,however,canbe developedfor complex � ows with large time
and spatial perturbations using the proper orthogonal decomposi-
tion method. Recent investigationshave proved the applicabilityof
a reduced-order model based on proper orthogonal decomposition
to a transonic aeroelasticpanel that experiencesoscillatorymotions
of a normal shock.15

The objective of this paper is to demonstrate the feasibility of
constructing a reduced-order model using the Galerkin method for
rotor–stator interaction in turbomachinery � ows. The next section
describes the governing equations and the numerical method used
to simulate the turbine � ow. The proper orthogonal decomposition
and its numerical implementation are presented in the following
section. Numerical results for a one-stage turbine are subsequently
presented.

Flow Model
The � rst part of this section presents the governing equations

that model the rotor–stator interaction in turbomachinery.The sec-
ond part describes the numerical method used to solve the gov-
erning equations. This part also presents the grid generation, the
boundary conditions implementation, and the parallel computation
paradigm.

Governing Equations

The unsteady compressible � ow through a multistage axial com-
pressor or turbine with arbitrary blade counts is modeled using the
Reynolds-averagedNavier–Stokes equations. The � ow is modeled
as quasi three dimensional. The computational domain associated
with each airfoil is divided into an inner region, near the airfoil,
and an outer region, away from the airfoil. The � ow is assumed
to be fully turbulent. The eddy viscosity is computed using the
Baldwin–Lomax model and the kinematic viscosity is computed
using Sutherland’s law.

To simulate � ows of arbitrary geometries, the governing equa-
tions are discretized using body-� tted curvilinear coordinates
.»; ´; ¿/ as opposed to using the Cartesian coordinates .x; y; t/.
The governing equations are nondimensionalizedusing freestream
quantities:

.x; y/ D . Ox; Oy/= Oc; .u; v/ D . Ou; Ov/
p̄

Op1= O½1; ½ D O½= O½1

p D Op= Op1; T D ° . OT = OT1/; e D Oe= Op1; ¹ D O¹= O¹1

h D Oh. Op1= O½1/; q D Oq
¯¡

Op1

p
Op1= O½1

¢

The thin-layer Navier–Stokes equations, written in vectorial form,
are
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The vector S¤ contains the viscous stresses
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Numerical Method

This sectionbrie� y describesthenumericalmodeland themethod
used for solving the governing equations. Further details can be
found in a paper by Cizmas and Dorney.4 The Navier–Stokes equa-
tions are written in the strong conservativeform. The fully implicit,
� nite difference approximation is solved iteratively at each time
level, using an approximate factorization method. Two Newton–
Raphson subiterations are used to reduce the linearization and fac-
torization errors at each time step. The convective terms are eval-
uated using a third-order accurate upwind-biasedRoe scheme, and
the viscous terms are evaluated using second-orderaccurate central
differences. The scheme is second-orderaccurate in time.

Grid Generation

Two typesof grids are used to discretizethe � ow� eld surrounding
the rotating and stationarygrids.3;16 An O grid is used to resolve the
Navier–Stokes equations near the airfoil, where the viscous effects
are important.An H grid is used to discretizethegoverningequations
away from the airfoil. The O grid is generated using an elliptical
method.The H grid is algebraicallygenerated.The O andH grids are
overlaid. The � ow variables are communicated between the O and
H grids through bilinear interpolation. The H grids corresponding
to consecutive rotors and stators are allowed to slip past each other
to simulate the relative motion.

Boundary Conditions

Because multiple grids are used to discretize the Navier–Stokes
equations, two classes of boundary conditions must be enforced on
the grid boundaries,namely, natural boundary conditionsand zonal
boundary conditions. The natural boundaries include inlet, outlet,
periodic, and the airfoil surfaces. The zonal boundaries include the
patched and overlaid boundaries.

The inlet boundary conditions include the speci� cation of � ow
angle,averagetotal pressure,and downstreampropagatingRiemann
invariant. The upstream propagating Riemann invariant is extrapo-
lated from the interior of the domain. At the outlet, the average
static pressure is speci� ed, whereas the downstream propagating
Riemann invariant, circumferential velocity, and entropy are ex-
trapolated from the interior of the domain. Periodicity is enforced
by matching � ow conditions between the lower surface of the low-
est H grid of a row and the upper surface of the topmost H grid of
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the same row. At the airfoil surface, the following boundary condi-
tions are enforced:no slip, adiabatic wall, and zero normal pressure
gradient.

For the zonal boundary conditions of the overlaid boundaries,
data are transferred from the H grid to the O grid along the O grid’s
outermost grid line. Data are then transferred back to the H grid
along its inner boundary. At the end of each iteration, an explicit,
corrective, interpolationprocedure is performed. The patch bound-
aries are treated similarly, using linear interpolation to update data
between adjoining grids.16

Parallel Computation

The parallel code uses message-passing interface libraries and
runs on various parallel computers, from Beowulf-type personal
computer clusters to massively parallel processors such as the Cray
T3E. One processoris allocatedfor the O and H grids corresponding
to each airfoil. One processor is allocated for each inlet and outlet
H grid. Interprocessor communication is used to match boundary
conditionsbetweengrids.Periodicboundaryconditionsare imposed
by cyclic communication patterns within rows. Interblade-row
boundary conditions are imposed by gather-send receive-broadcast
communication routines between adjacent rows. Load imbalance
issues need to be considered at grid generation time to reduce syn-
chronizationoverhead.17

Proper Orthogonal Decomposition
The proper orthogonal decomposition (POD) is a well-known

techniquefor determining an optimal basis for the reconstructionof
a data set.18;19 The POD has been used in various disciplines that
include � uid mechanics,20¡22 identi� cation and control in chemi-
cal engineering,23 oceanography,24 image processing,25 and � utter
prediction.26 Depending on the discipline, the POD is also known
as Karhunen–Loève decomposition,principalcomponentsanalysis,
singular systems analysis, and singular value decomposition. This
section reviews the de� nitions and propertiesof the POD relevant to
this work and discusseshow the method can be applied to computer
simulations to separate spatial and temporal behavior.

Theoretical Aspects

Consider a sequence of numerical and/or experimental observa-
tions represented by scalar functions u.x; ti /; i D 1; : : : ; M . These
functions are assumed to be a linear in� nite dimensional Hilbert
space L2 on a domain D that is a bounded subset of Rn , and they
are parametrized by ti , which represents time. The (time) average
of the sequence, de� ned by

Nu.x/ D hu.x; ti /i D 1
M

MX

i D 1

u.x; ti / (4)

is assumed to be zero, without loss of generality. The POD ex-
tracts time-independent orthonormal basis functions 8k .x/ and
time-dependentorthonormalamplitude coef� cients ak.ti /, such that
the reconstruction

u.x; ti / D
MX

k D 1

ak.ti / 8k.x/; i D 1; : : : ; M (5)

is optimal in the sense that the average least-square truncationerror

"m D
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mX

k D 1
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®®®®
2
+

(6)

is a minimum for any given number m · M of basis functions over
all possible sets of orthogonal functions. Here k k is the L2-norm
k f k2 D . f; f /, where the symbols in parentheses denote the stan-
dard Euclideaninner product.The functions8k .x/ are calledempir-
ical eigenfunctions, coherent structures, or POD modes. They are

computed as follows. First, the optimality property (6) is equiva-
lent to � nding functions 8 that maximize the normalized average
projection of u onto 8

max
8 2 L2.D/

hj.u; 8/j2i
k8k2

(7)

where j j denotes the modulus. Then, it can be shown20 that the
optimum condition (7) reduces to the eigenvalueproblem

Z

D

hu.x/u¤.y/i8.y/ dy D ¸8.x/ (8)

where x; y 2 D. It follows that the optimal basis functions f8k g are
the eigenfunctions of the integral equation (8), whose kernel is the
averaged autocorrelationfunction

hu.x/u¤.y/i ´ R.x; y/

In practice, the state of a numerical model is only available at dis-
crete spatial grid points, so that the observations that form the data
set are vectors rather than continuous functions. In other words,
D D .x1; x2; : : : ; xN /, where x j is the j th grid point and u.x; ti / is
the vectorui D [u.x1; ti /; u.x2; ti /; : : : ; u.xN ; ti /]T . The data set can
be obtained from numerical simulation, experimental investigation,
or a combination of the numerical and experimental results. In the
discrete case, the autocorrelationfunction is replaced by the tensor
product matrix

R.x; y/ D 1
M

MX

i D 1

u.x; ti /u
T .y; ti / (9)

More importantly, it can also be shown that the eigenvectors of
the R.x; y/ matrix yield the eigenfunctions 8k .x/, which can be
computed with the algorithm presented in the following section.

Computational Implementation: Method of Snapshots

A popular technique for � nding the eigenvectorsof Eq. (9) is the
method of snapshots developed by Sirovich.27 It was introduced as
an ef� cient method when the resolution of the spatial domain N is
higher than the numberof observationsM . The method of snapshots
is based on the data vectors ui and the eigenvectors ©k spanning
the same linear space.21;27 This implies that the eigenvectorscan be
written as a linear combination of the data vectors

©k D
MX

i D 1

vk
i ui ; k D 1; : : : ; M (10)

After substitutionin the eigenvalueproblem, R.x; y/8.y/ D ¸8.x/,
the coef� cients vk

i are obtained from the solution of

Cv D ¸v (11)

where vk D .vk
1 ; : : : ; vk

M / is the kth eigenvectorof Eq. (11), and C is
a symmetric M £ M matrix de� ned by [ci j ] D .1=M/.ui ; u j /. Here
the symbols in parenthesesdenote the standardvector inner product,
.ui ; u j / D u.x1; ti /u.x1; t j / C ¢ ¢ ¢ C u.xN ; ti /u.xN ; t j /. In this way,
the eigenvectors of the N £ N matrix R [Eq. (9)] can be found by
computing the eigenvectors of an M £ M matrix C [Eq. (11)], a
preferable task if N À M . The results presented in the following
section were obtained with an implementation of the method of
snapshots. An iterative quadratic regulator method28 was used to
compute the eigenvectors of the symmetric matrix C , [Eq. (11)].

Results
This section presents the results obtained by applying the POD

method to the � ow simulation in a one-stage turbine. The analysis
is focused on the POD of the energy variable e. Results are also
presented for density and skin-friction coef� cient.
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Turbine Description

The turbine used for the numerical simulation had 32 stator airfoils
and 48 rotor airfoils.The radius at midspan was approximately1 m.
The solidity of the stator row was 0.93 and the solidity of the rotor
row was 0.91. The � ow conditions for the test turbine are given in
Table 1. The � ow in the turbine is subsonic.

To reduce the computationaleffort to only one interbladepassage
per row, it was assumed that there were an equal number of blades
in each turbine row. As a result, the rotor airfoils were rescaledby a
48=32 factor.An investigationof the in� uenceof airfoil counton the
turbine � ow showed that the unsteady effects were ampli� ed when
a simpli� ed airfoil count 1:1 was used.29 Consequently, the results
obtained using the simpli� ed airfoil count represent an upper limit
for the unsteady effects.

Accuracy of Numerical Results

To validate the accuracyof the numerical results, it was necessary
to show that the results were independentof the grid that discretizes
the computational domain. Three grids were used to assess the
solution grid independence.The coarse grid had 35 grid points nor-
mal to the airfoil and 150 grid points along the airfoil in the O grid,
and 50 grid points in the axial direction and 50 grid points in the
circumferential direction in the H grid. The stator airfoil and ro-
tor airfoil had the same number of grid points. The number of grid
points of the other two grids is shown in Table 2.

The coarse grid is presented in Fig. 1, where, for clarity, every
othergrid point in each directionis shown.The distancebetween the

Table 1 Turbine � ow conditions

Quantity Units Value

Inlet Mach number Minlet —— 0.155
Reynolds number Re —— 65799
Inlet temperature Tinlet K 1860
Pressure ratio pexit=p¤

inlet —— 0.68
Rotational speed n rotations/min 3600

Table 2 Grid points for the single-stage turbine

Location Coarse grid Medium grid Fine grid

H-grid inlet 24 £ 50 36 £ 75 54 £ 112
H-grid airfoil, stator 50 £ 50 75 £ 75 112£ 112
O-grid airfoil, stator 150£ 35 225£ 53 337£ 79
H-grid airfoil, rotor 50 £ 50 75 £ 75 112£ 112
O-grid airfoil, rotor 150£ 35 225£ 53 337£ 79
H-grid outlet 24 £ 50 36 £ 75 54 £ 112
Total grid points 17,900 40,500 90,430

Fig. 1 Coarse grid (every other point in each direction shown).

grid points on the airfoil and the next layer of grid points around the
airfoil was the same for the coarse, medium, and � ne grids to have
the same yC number.The grid was generatedsuch that, for the given
� ow conditions, the yC number was less than 1. Approximately 20
grid points were used to discretize the boundary layers.

The results presented in this paper were computed using two
Newton subiterations per time step and 3000 time steps per cycle.
Here, a cycle is de� ned as the time required for a rotor to travel
a distance equal to the pitch length at midspan. To ensure time
periodicity,each simulationwas run in excessof 80 cycles, although
usually between 20 and 40 cycles are suf� cient for a solution started
from scratch.

The � ow in the rotor row included the in� uences of the upwind
stator row. As a result, if there were differencesbetween the results
due to different grid sizes, these differences would be the largest
in the rotor row. For this reason the rotor row was used to assess
the grid independenceof the numerical results.The nondimensional
skin friction, ¿ D ¹.du=dy/=[¹1.u1=c/], was used to validate the
grid solution independence.

Before thegrid independenceof thenumericalresultsis validated,
the periodicity of the unsteady solution must be veri� ed. Solution
periodicitywas assessedby comparingthe resultsof consecutivecy-
cles. Figure 2 shows the maximum-, averaged-,and minimum-over-
cycle values of skin friction for three consecutive cycles. Because

Fig. 2 Maximum-, averaged-, and minimum-over-cycle skin friction
at three consecutive cycles.

Fig. 3 Maximum-, averaged-, and minimum-over-cycle skin friction
for coarse, medium, and � ne grids.
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the values of the skin friction were almost identical for the three
consecutive cycles, the solution was considered periodic.

To validate the grid independence,threevaluesof the skin friction
were compared: the averaged, minimum, and maximum over one
cycle.The comparisonof the skin-frictioncoef� cients computedus-
ing the threegrids is shown in Fig. 3. The largest differencebetween
the skin friction on the coarse and � ne grids was 29.8%. This max-
imum difference was located near the trailing edge, on the suction
side. The average difference between the coarse grid skin friction
and the � ne grid skin friction was 2.4%. Good agreement was ob-
tained between the results corresponding to the medium and � ne
grid, the average difference being 0.8%. As a result, the numerical
results were grid independent only for the medium and � ne grids.
The medium grid was used for the computation of all subsequent
results presented in this paper.

POD of Energy

The numerical simulationdevelopedherein uses the conservative
state vectorq D f½; ½u; ½v; egT . The spatiotemporalvariationof the
fourvariables,½; ½u; ½v, ande is quitedifferent.The energye varies
the most, whereas the density ½ varies the least. Consequently, the
POD of energy is the most challenging.As a result, if one can prove
that energy variation is properly capturedby the POD, then one can
be con� dent that the variation of the other variables could also be
captured.Note that the energye, which is a state variable, is different
from the relative energy Ek . The relative energy captured by the kth

t = 0

t = 0.25 T

t = 0.5 T

t = 0.75 T
Fig. 4 Spatiotemporal variations of state variable e recorded at equal time intervals during one period T of the � ow motion.

mode, Ek , is de� ned by

Ek D ¸k

¿ MX

j D 1

¸ j (12)

where ¸1 ¸ ¸2; : : : ; ¸ ¸k ¸; : : : ; ¸ 0. Note that the cumulative sum
of relative energies,

X
Ek sc

approaches one as the number of modes in the reconstruction
increases.

The spatiotemporalvariation of energy e in the stator is shown in
Fig. 4. The nondimensional energy varies between approximately
2.25 and 3.41. The time-averaged energy shown in Fig. 5 varies
from 2.27 to 3.39. For the POD a snapshotof the solution was saved
every 10 time steps, whereas the blade passing period was divided
into3000 time steps.Consequently,300 snapshotswere savedover a
bladepassingperiod.The variationof the � rst and thirdPOD modes
is approximatelythe same, from approximately¡0.04 to 0.016.The
second and fourth modes vary from ¡0.065 to 0.075.

A similar result is obtained for the rotor. The energy varies be-
tween 1.99 and 3.02, whereas the time-averaged energy varies be-
tween 2.10 and 2.94. As shown in Fig. 6, the � rst and second POD
modes of the energy vary between ¡0.02 and 0.02. The third and
forth energy modes vary from ¡0.07 to 0.05.
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Time average First mode Second mode

Third mode Fourth mode

Fig. 5 Five most relevant POD modes for the state variable e on the stator airfoil.

Note that for both the stator and the rotor, the variationof the � rst
POD mode of energye is smaller than that of higherPOD modes.As
shown in Fig. 7a, for both the stator and the rotor, the relative energy
of the � rst mode is approximately30%, whereas the relative energy
of the second mode is approximately 20%. The relative energy of
the � fth mode is under 3% for both rows. As shown in Fig. 7b, over
80% of the energy is contained in the � rst four modes. The � rst
20 modes capture 95.4% of the energy, whereas the � rst 40 modes
capture 99.4%.

The temporalcoef� cientsak .t/ are calculatedhereinbyprojecting
the data set on each of the eigenfunctions

ak .t/ D [u.x; t/; 8k .x/]; i D 1; : : : ; M (13)

The � rst four temporal coef� cients ak .t/, associated with the four
most energetic POD modes, are shown in Fig. 8. Note that on the
ordinate, the rotor scale is twice the stator scale. For both Figs. 8a
and 8b, notice two different timescales. The � rst timescale is equal
to the period of the passingblade.The second timescale is about one
orderof magnitudesmaller than the � rst timescale.For the stator, the

� rst and the third temporal coef� cients have the same period, equal
to the period of the passing blade. The second and fourth temporal
coef� cients have a period equal to approximately one-tenth of the
period of the passing blade. For the rotor, the � rst and the second
temporal coef� cients have the same period, equal to the period of
the passing blade. The third and fourth temporal coef� cients have
a period equal to approximately one-seventh of the period of the
passing blade.

Phase-space projections of the POD amplitude coef� cients of
energy e are shown in Fig. 9. The relatively closed nature of the re-
sulting curves further illustrates the presence of a low-dimensional
attractor in the form of a two-dimensional torus composed of two
limit cyclesor periodicsolutionswith two frequencies.The presence
of two different frequenciescan be inferred by comparing the num-
ber of closed loops in each limit cycle. In particular, the single-loop
projections Figs. 9a i and 9b i represent the passing of one blade in
the rotor across one stator airfoil. The � ow in the turbine was com-
putedformore than 80cycles.Onlyonecycle,however,was used for
the POD analysis.This cycle is describedby the phase-spaceprojec-
tions in Figs. 9a i and 9b i. The limit cycles in Figs. 9a ii and 9b ii,
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Time average First mode Second mode

Third mode Fourth mode
Fig. 6 Five most relevant POD modes for the state variable e on the rotor airfoil.

Energy per mode Cumulative sum of energy
Fig. 7 POD energy spectrum in the decomposition of state variable e.

which contain approximately 10 loops, correspond to higher har-
monics of the � ow motion.

The POD reconstructionof energy in the stator and rotor rows at
time t D 0 is shown in Figs. 10 and 11. By comparing these results
with the original, full-model, spatiotemporal evolution of energy
shown in Fig. 4, one can conclude that most of the details of the
� ow are captured by using 40 POD modes. This conclusion is also
supported by the analysis of the shear stress variation on the rotor

airfoil, shown in Fig. 12. Note that the stator � ow is better captured
than the rotor � ow. This result is due to the � ow on the rotor being
more complicated, mainly due to the impact of the wakes coming
from the stator.

The variation of the average, maximum, and minimum shear
stresses on the rotor airfoil is shown in Fig. 12. The average shear
stress is calculated over a cycle. The maximum shear stress shown
in Fig. 12b represents the maximum values reached during a cycle
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a) Stator b) Rotor

Fig. 8 Time series of POD amplitude coef� cients in the decomposition of state variable e.

a) Stator b) Rotor

Fig. 9 Phase-space projections of the POD amplitude coef� cients for state variable e.
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Fig. 10 POD reconstruction of state variable e on the stator at t = 0
using 40 modes.

Fig. 11 POD reconstruction of state variable e on the rotor at t = 0
using 40 modes.

at any location on the airfoil, ¿ max
i D max j 2 [1;N ] ¿

j
i , where N is the

number of time steps in a cycle and i is the grid point index. Sim-
ilarly, the minimum shear stress shown in Fig. 12c represents the
minimum values reached during a cycle at any location on the air-
foil. The shear stress values obtained using 10, 20, 30, and 40 POD
modes are compared against the full-model (FM) solution, that is,
the solution obtained by solving the Navier–Stokes equations. The
largest differences between the FM solution and the POD recon-
structed solution are shown in Table 3. Two values of the error are
de� ned and calculated for the average, maximum, and minimum
stresses: 1) a local error ²` and 2) a global error ²g . The two errors
are de� ned as

²` D max
i 2 [1;NG ]

­­¿i ¡ ¿POD
i

­­
¿max ¡ ¿min

(14)

Table 3 Variation of the difference between the rotor shear
stresses calculated using the full model solution and the POD

reconstructed solution

Average Maximum MinimumNumber of
POD modes ²g ,% ²` ,% ²g ,% ²` ,% ²g ,% ²` ,%

10 0.105 1.52 0.26 4.48 0.41 6.73
20 0.105 1.52 0.19 3.80 0.26 5.12
30 0.105 1.52 0.20 3.92 0.25 6.32
40 0.105 1.52 0.20 3.04 0.25 6.02

²g D 1
NG

NGX

i D 1

­­¿i ¡ ¿ POD
i

­­
¿max ¡ ¿min

(15)

where NG is the number of grid points on the airfoil, ¿i is the
shear stress at grid point i calculated using the full model solu-
tion, and ¿ POD

i is the shear stress at grid point i calculated using
the POD reconstructed solution. Here, ¿max and ¿min are de� ned as
¿max D maxi 2 [1;NG ] ¿i and ¿min D mini 2 [1;NG ] ¿i . The results shown
in Table 3 indicate that the average shear stress is captured prop-
erly by using only 10 POD modes, the local and global errors being
approximately 1.5 and 0.1%, respectively. More POD modes are
necessary to capture the maximum and minimum shear stresses.By
the useof 40POD modes, the local andglobalerrorsof theminimum
shear stresses are approximately6 and 0.2%, respectively.The local
and global errors of the maximum shear stresses are approximately
3 and 0.2%, respectively.

Another way to visualize the differences between the FM solu-
tion and the POD reconstructed solution is to plot the differences
between the two solutions. Figure 13 shows the differencebetween
the FM solution of the energy e on the stator and its 40 mode POD
reconstruction.The differences between the two solutions vary be-
tween ¡0.0141 and 0.0123. Consequently, the error varies at most
between ¡0.61 and 0.53%. The largest errors occur in the region
that is facing the downstream row, and they are concentrated in the
wake region.

Figure 14 shows the difference between the FM solution of the
energy e on the rotor and its 40 mode POD reconstruction. The
differences between the two solutions vary between ¡0.1406 and
0.0825. Consequently, the error varies at most between ¡6.75 and
3.95%. As opposedto the stator,where the errors were concentrated
downstream of the airfoil, the errors are more evenly spread on the
rotor.The error level in the upstreamregionof the rotor airfoil varies
as a functionof the relativepositionbetween the rotor and the stator.
The error level in the wake is rather constant, being less affected by
the relativepositionbetweenthe rotorand the stator.The largestlevel
of the errors in the region upstream of the rotor airfoil corresponds
to time t D 0, when the wakes of the stator are convectedthrough the
middle of the passage between the rotor blades. The largest errors
in the rotor are concentrated in the wake.

Figure 15 shows the variation of the differences between the FM
solution and its POD reconstruction,as a function of the number of
POD modes. The minimum and maximum values of the differences
between the FM solution and its POD reconstruction are shown
in Table 4. As expected, the larger the number of POD modes,
the smaller the difference between the FM solution and its POD
reconstruction is. One exception is noticed on the stator, where the
error correspondingto the 40-mode reconstructionis larger than the
error correspondingto the30-modereconstruction.Recall,however,
that this error correspondsto time t D 0. Further analysis shows that
the error varies in time in a nearly sinusoidal manner. The average
value of the error corresponding to the 40-mode reconstruction is
smaller than the average value of the error corresponding to the
30-mode reconstruction.The sum of the amplitudes of the 40- and
30-mode reconstructionerrors is larger than the differencebetween
the averaged values of the 40- and 30-mode errors. Consequently,
instantaneous values of the 40-mode reconstruction error can be
larger than the valuesof the 30-mode reconstructionerror. Figure 16
compares 40- and 10-mode reconstruction.
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a) Average values b) Maximum values

c) Minimum values

Fig. 12 Skin-friction variation on the rotor airfoil.

t= 0 t = 0.5T
Fig. 13 Difference between the simulated solution of the variable e on the stator and its 40 mode POD reconstruction.
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Table 4 Variation of the difference between the full model solution of energy at time t = 0
and its reconstruction, as a function of the number of POD modes

Stator Rotor
Number of
POD modes Minimum (%) Maximum (%) Minimum (%) Maximum (%)

10 ¡0.0245 (¡1.06) 0.03124 (1.36) ¡0.1406 (¡6.73) 0.0825 (3.95)
20 ¡0.0151 (¡0.66) 0.01772 (0.77) ¡0.0854 (¡4.09) 0.0760 (3.64)
30 ¡0.0128 (¡0.56) 0.01255 (0.54) ¡0.0604 (¡2.89) 0.0505 (2.42)
40 ¡0.0141 (¡0.61) 0.01227 (0.53) ¡0.0324 (¡1.55) 0.0369 (1.76)

t= 0 t = 0.5T
Fig. 14 Difference between the simulated solution of the variable e on the rotor and its 40 mode POD reconstruction.

10 POD modes 40 POD modes
Fig. 15 Difference between the simulated solution of the variable e on the stator at time t = 0 and its POD reconstruction.
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10 POD modes 40 POD modes
Fig. 16 Difference between the simulated solution of the variable e on the rotor at time t = 0 and its POD reconstruction.

Stator Rotor

Fig. 17 Error variation of the POD reconstruction of variable e as a function of the number of POD modes and time.

Figure 17 shows the mean Euclidean norm of the difference be-
tween the FM solution of the energy e and its POD reconstruction,

² D

vuut
NGX

i D 1

.eFM ¡ ePOD/

NG

Here, NG denotes the total number of grid points. Note that, in
Fig. 17, the ordinate scale of the rotor is twice the stator scale.
For both the stator and the rotor, the mean Euclidean norm of the
error decreases as the number of POD modes increases. The mean
Euclideannorm of the error on the rotor is approximatelytwo times
larger than that on the stator, due to a more complex � ow interaction,
caused mainly by the stator wakes.

POD of Density

As in the case of state variable e, most of the energy spectrum of
density ½ is captured by the � rst four modes, as shown in Fig. 18a.
The relative energy E1 captured by the � rst mode is approximately
27% for the stator and 32% for the rotor. The relative energy E5

captured by the � fth mode is less than 2% for both the stator and
the rotor.

The time variation and the phase-space projections of the POD
amplitude coef� cients of density ½ are similar to those of the state
variable e. For brevity, herein, only the error variation ² of the POD
reconstructionis presentedin Fig. 19. Note that the error² of density
is approximately three times smaller than the error ² of energy e,
shown in Fig. 17.

This result suggests that if the variation of energy e is properly
capturedby N POD modes, then the variationof state variable½ can
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a) Energy per mode b) Cumulative sum of energy

Fig. 18 POD energy spectrum in the decomposition of state variable ½.

Stator Rotor

Fig. 19 Error variation of the POD reconstruction of variable ½ as a function of the number of POD modes and time.

also be captured by N or less POD modes. This conclusion is also
valid for the state variables ½u and ½v, but, for brevity, the results
corresponding to these two variables were not included.

Conclusions
Numerical simulations of rotor–stator interaction in a one-stage

turbine were carried out to investigate the complex � ow dynamics
and to explore the validity of a reduced-order model based on the
POD. The � ow in the turbinewas modeledby theReynolds-averaged
Navier–Stokes equations. The governing equations were written in
the strong conservationform and solved using a fully implicit, � nite
difference approximation.By the use of the POD, the spatial domi-
nant features were identi� ed and separated from the spatiotemporal
dynamics of the rotor–stator interaction.The numerical results indi-
cate that 40 modes capturemore than 99% of the energy spectrumof
the state variables used to model the turbine � ow. Phase-space plots
further indicate the existence of low-dimensional dynamics, which
supports the validity of a reduced-order model for turbine rotor–
stator interaction.Projecting the governingequations onto the POD
modes, as is commonlydone in the Galerkin method, can lead to the
desired reduced-ordermodel. Such task is reserved for future work.
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